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Classical capacity of a guantum channel
Let ®:D(A) - D(B) beaquantum channel.

C(®) := classical bits/channel use that can be sent through ®

Alice Bob
= maxR s.t. Imy, O, &, D, satisfying: 2 |2
A ® B
1.R = lim =X — -
lim E - | D——
2.Vx € {0,1}"k, i [

Pr ((Dk o q)®k o gk)(X) == X) > 1 — 5k

3. lim 6, =0

k—oo

(0,137 55 D(4®F) L p(B2K) % (0,1
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The Holevo-Schumacher-Westmoreland (HSW) Theorem

Holevo information: y({p;, p;}) == H(X;pi p)) — 2ipiH(p),  H(p) == —Tr(plogp)

Holevo capacity: y(®) = {max})(( (p;, (p))})
PiPi
®k
Theorem: [H 98, SW 97] C(®) = Jim (@)

The Additivity Conjecture

Additivity Conjecture: y(® Q ¥) = y(®) + y(¥) forany &,¥ (Hence C(®) = y(P) )
(= is obvious)

Counterexample: [Hastings 09] Random @ satisfies y(® Q ®) > 2 y(d)

Open question: Find explicit ® with y(® Q ®) > 2 y(d)

(hence C(®) > y(d))
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Minimum Output Entropy (MOE)

Rényi p-entropy: For p>1, let H®P(p) = LlogTr (pP)
1-p

Further, let HW(p) = lirri H® (p) Fact: HY(p) = H(p)
p—)

Min output p-entropy: Hffi)n(cb) = rﬂpl)ﬂ H®) (o (y))

Theorem: [Shor 04] The following statements are equivalent.

1. (P QW) = (&) + y(¥) forall &, ¥

(@ QRW) =HY (0) + HY (9) foral &, ¥

min min
(< is obvious)

2 HW

min

Historically, additivity conjecture mostly studied through MOE (#2).



Benjamin Lovitz— Concordia

Some prior work on the additivity conjecture

Cases when the conjecture holds:
HY (0 @ w) = HY (@) + HY (W) whenever & is:

min min min
* |dentity channel [Asomov-Holevo 01], Unital qubit channel [King 02],
Entanglement breaking channel [Shor 02], Depolarizing channel [King 03], ...

Negative results:
Random channel & for which HP) (& ® &) < 2HP) ():

min min
* Forp>1 [Hayden-Winter 08]
* Forp closeto zero [Cubitt-Harrow-Leung-Montanaro-Winter 08]
* Forp=1 [Hastings 09]
Explicit channel @ for which H®) (& ® ®) < 2HE) (d):
* Forp > 4.79 'Werner-Holevo 02]
* Forp>2 Grudka-Horodecki-Pankowski 10, Szczygielski-Studzinski 24]
* Forp>1 [Derksen-Lovitz 25]




Benjamin Lovitz— Concordia

Main result: [Derksen-Lovitz 25]

~( 1
Foranyp > 1, an explicit channel ® with in/out dimension ZO(P-l)

such that
H(p)

min

(® ® ) < 2HP) (D).

min

Proof ingredients:

‘ * Channels — Subspaces

+ Useful bounds on HY¥)

* Entangled subspace construction [Beauzamy+ 90]
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Channels — Subspaces

ef: For a subspace US BQRE , let Hr(r’l’i)n(U) = lgl)ierlle(p)(qu)
Lemma: Let ®(p) = Trg(VpVt) and let U:=im (V) SBQE.
Then HP)

min

(@) = HP) ().

min

New goal: Construct subspace US B Q E s.t. HP (U ® U) < 2H% (U)

min min

URQUCS(BRB)R(EQE)

[D-L 25]: Foranyp > 1, constructU € C" Q C" s.t.
~( 1
HP (U QU) <2HP (1) and n= 29)

min min
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Main result: [Derksen-Lovitz 25]

~( 1
Foranyp > 1, an explicit channel & with in/out dimension ZO(P—l)

such that
H(p)

min

(@ ® d) < 2HP) (D).

min

Proof ingredients:

* Channels — Subspaces

‘- Useful bounds on Hr(fi)n

* Entangled subspace construction [Beauzamy+ 90]
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Proof sketch: Bounds on H¥) (U)

min

Given subspaceU € C"® C*, let AU) = |r1/51)%)z(1 Amax(Wg)
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Proof sketch: Boundson H_. (U)

Given subspaceU € C*"® C*, let A(U) = I%%)l(] Amax(Wg)

min

1og(A(U)P + (1 - A(U))p) < 1P (1) < L1og(A(U))
1 o1-p

Proofs: Let p € D(B) with eigenvaluesA; = -+ > 4,

: (p) _ 1 1 _ D
2: H" (p) = ;108(2121/1?) < ;108(/15)) = 15108(41)

Al /11
1:  H®P(p) =HP > HP 1-24 = fplOg(ﬂ’f + (1 - 2,)P)
L, 0

Schur-concavity of H®)



Proof sketch: Bounds on H¥) (U)

min

Given subspace U € C* Q C", let
|Y)EU

1
i log(A(U)p + (1 — A(U))p) 1

dim(U)
nZ

AURU) =

Lemma: [Hayden 07/]

Proof sketch: Choose ONB |uy), ..., |u,) of U.
AUQU) = max - ule & PHIZ .
I¢EB®B
|Y)EEQE

H(p) (U) <

A(U) == max An.x(Yp)

Let |u) =

) =

Benjamin Lovitz— Concordia

—— T log(A))

fZ =1 |u) @ [u;),
I¢>—ﬁ j=1 7))
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Proof sketch: Bounds on H¥) (U)

min

Given subspaceU € C*"® C*, let A(U) = I%%)l(] Amax(Wg)

1og(A(U)P + (1 - A(U))p) <HP (1) < L1og(A(U))
1 o1-p

Lemma: [Hayden 07] AURU) >

: I
dim(U) :
HY) (U ® U) ;—fp log( — ) < —ﬁp log(A(U)p +(1 - A(U))p) < 2H®) ()

1

Note: For ! tohold, need A(U) small and dim(U) large.
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Proof sketch: Bounds on H¥) (U)

min

Given subspaceU € C*"® C*, let A(U) = I%%)l(] Amax(Wg)

min

1og(A(U)P + (1 - A(U))p) < 1P (1) < L1og(A(U))
1 o1-p

dim(U)
le
|
(p) b - 2 p ()
Hon(U ® U) < 2 log (“52) < Zlog(AWY? + (1 - AW))") : 2HP) (V)
Thm*: [D-L 25] Foranye > 0, explicitU € C"* @ C" with
A(U)<1—€ and dimU) = (1 —e)n?

Lemma: [Hayden 07] AURU) >

dim(U)

[D-L25] = !:

| |
p log(1 — €) > 2log(eP + (1 —€)?) < (1 —-¢e)P > (e? + (1 — e)P)? (for e >0t
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Main result: [Derksen-Lovitz 25]

~( 1
Foranyp > 1, an explicit channel & with in/out dimension ZO(P—l)

such that
H(p)

min

(@ ® d) < 2HP) (D).

min

Proof ingredients:

e Channels — Subspaces

+ Useful bounds on H¥)

‘ * Entangled subspace construction [Beauzamy+ 90]
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Proof sketch: The construction

Thm*: [D-L 25] Forany fixed € > 0, explicitU € C" @ C" with
A(U)<1—€ and dim(U) = (1 —e)n?

Symmetric subspace: S%(C%) c (C%)®4
Set of [) forwhich [}, iy = Wi y,.ise fOF@ny permutation o € Gy

Example: SZ((Ca) — {ll/)) e C“ ® Cc?® : |l/)>l] — |l/)>]l for all l,] = 1,..,7’1}

Note: §24(C%) c S4(CY ® S4(Cc).
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Proof sketch: The construction

Thm*: [D-L 25] Forany fixed € > 0, explicitU € C" @ C" with
A(U)<1—€ and dim(U) = (1 —e)n?

Symmetric subspace: S%(C%) c (C*)®4
Set of [) forwhich [}, iy = Wi y,.ise fOF@ny permutation o € Gy

Let U = S%4(CH)L c SC ® S(C?) B = E = S%(C%)

-1
Lemma: [Beauzamy+90] A(U) <1 - (de)

: 2d\"1
Thm pf sketch: *Assuming €= (d) for some d:

Note n = dim(S%(€®) = (**4).  dim@) =n? - (**2) — (A-n?

2d
a — oo /
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Proof sketch: The construction

Thm*: [D-L 25] Forany fixed € > 0, explicitU € C" @ C" with
A(U)<1—€ and dim(U) = (1 —e)n?

Symmetric subspace: S%(C%) c (C*)®4
Set of [) forwhich [}, iy = Wi y,.ise fOF@ny permutation o € Gy

Let U = S%4(CH)L c SC ® S(C?) B = E = S%(C%)

-1
Lemma: [Beauzamy+90] A(U) <1 - (de)

Where does this lemma come from?
SAUCY) = Clxq, ..., Xgql 4
Y) o f,(x) = @W]x®9)

~1/2
[Beauzamy+ 90] original statement: ||p - gl = (de) / lpll llgll forall p,q € Clxq,...,x,]4
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Comparison to randomized constructions

Thm: [Hayden-Winter 08] For any p>1, randomized V € C*"Q® C" s.t.

V) —HP V) = logn—0(1)

min

ZH(p)

min

By contrast, our explicit U € C" @ C* achieves only constant gap 0(1):
U= S5?(CHt c 549CY ® S4(C*) contains |u): = \/—%(IO)dll)d — |1)2]0)4)

H(p)

lu) has Schmidt rank 2, so nin(U) < 1.
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U U) <2HY (1)?

Does our construction satisfy H min

min

TyDICGl randomized construction: [Hastings 09, Brandao-Hastings 10, Fukuda-King 10, Aubrun-Szarek-Werner 11]

Constructrandom V€ C" @ C* st. n, =anf and dim(V) = fn, forconst.a,f

1 lm
satisfying Hr(m)n(V) > log(ny) — (—) For our construction, H <1 @

nq min

Then Hr(m)n(V RXRV) < (1 AV R V)) log(n? — 1) + h(A(V X V)) by Schur-concavity

b dim(V)
<2 (1 — anl) log(n,) +h (anl) because AW ®V) > o
1
= 7 lOg(nl) — ( Oilnl)

1 1
So  2HQL N -HR.V®V) = o(E™)-0(x) > o
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Extension: Multipartite Setting

Fora subspace U € (CY)®™, let A(U) = max (ulp: @ - Q@ dp)l?
U
|p;)EC™

Thm*: [D-L 25] Foranye > 0, explicit U € (C")®™
with A(U) <1—-€ and dim(U) =(1—¢€)n™

Other apps: 1. Explicit robustly entangled mixed states.
2. Explicit entanglement withnesses with many highly neg e-values.
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Conclusion

Main result: [Derksen-Lovitz 25]

~( 1
Foranyp > 1, an explicit channel @ with in/out dimension ZOQ%ﬂ)

such that
H(P)

min

(d ® @) < 2HP) ().

min

Question: Does our construction also work for p =17
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